Massive black holes (MBHs) in galactic nuclei are believed to be surrounded by a high density stellar cluster, whose mass is mostly in hard-to-detect faint stars and compact remnants. Such dark cusps dominate the dynamics near the MBH: a dark cusp in the Galactic center (GC) of the Milky Way would strongly affect orbital tests of General Relativity there; on cosmic scales, dark cusps set the rates of gravitational wave emission events from compact remnants that spiral into MBHs, and they modify the rates of tidal disruption events, to list only some implications. A recently discovered long-period massive young binary (P 12 1 yr, M 12 ∼ O(100 M ⊙ ), T 12 ∼ 6 × 10 6 yr), only ∼ 0.1 pc from the Galactic MBH (Pfuhl et al. 2013) , sets a lower bound on the 2-body relaxation timescale there, min t rlx ∝ (P 12 /M 12 ) 2/3 T 12 ∼ 10 7 yr, and correspondingly, an upper bound on the stellar number density, max n ⋆ ∼ few×10 8 / M 2 ⋆ pc −3 , based on the binary's survival against evaporation by the dark cusp. However, a conservative dynamical estimate, the drain limit, implies t rlx > O(10 8 yr). Such massive binaries are thus too short-lived and tightly bound to constrain a dense relaxed dark cusp. We explore here in detail the use of longer-period, less massive and longer-lived binaries (P 12 ∼ few yr, M 12 ∼ 2 − 4 M ⊙ , T 12 ∼ 10 8 − 10 10 yr), presently just below the detection threshold, for probing the dark cusp, and develop the framework for translating their future detections among the giants in the GC into dynamical constraints.
INTRODUCTION
The dynamical state of the stellar cluster around the massive black hole (MBH) in the Galactic Center (GC), and the mechanisms that determine it, are of interest because such systems are ubiquitous in the universe, and because the GC is by far the most observationally accessible of them. The key question is whether the GC is dynamically relaxed (Alexander 2011a ). An unrelaxed system reflects its particular formation history. In contrast, the properties of a relaxed system can be understood and modeled from first principles, independently of initial conditions, and extrapolated to other relaxed galaxies. The GC, like other galactic nuclei with low-mass MBHs, is expected to be dynamically relaxed if it evolved passively in isolation (Bar-Or et al. 2013) , and consequently to have a centrally concentrated power-law stellar cusp, with a density profile ∝ r α , where α ∼ 3/2 − 5/2 (Bahcall & Wolf 1977; Keshet et al. 2009) (Figure 1 ). However, recent photometric and spectroscopic studies of the stellar distribution in the GC (Buchholz et al. 2009; Do et al. 2009; Bartko et al. 2010) indicate that the radial density profile of the spectroscopically identified low-mass red giants on the ∼ 0.5 pc scale, thought to trace the long-lived population there, rises inward much less steeply than expected in steady state, or even decreases toward the center.
The core in the spatial distribution of the old red giants could still be consistent with a relaxed GC, if some mechanism selectively destroys giants, or rejuvenates them to appear as hot stars (see review by Alexander 2005) . However, all such processes proposed to date (e.g. envelope stripping by star-giant collisions, Alexander 1999; Bailey & Davies 1999; tidal heating, Alexander & Morris 2003) are ineffective outside the central ∼ 0.1 pc. The simplest interpretation for the missing old cusp is that, contrary to expectations, the GC is not dynamically relaxed by two-body interactions. One possibility is that the cusp is continuously and rapidly drained into the MBH by faster competing dynamical processes (Madigan et al. 2011) , in particular resonant relaxation (Rauch & Tremaine 1996) . However, a recent exact derivation of the 2-body relaxation rate (Alexander 2011b; Bar-Or et al. 2013 ) suggest that it is fast enough to maintain a high density steady state cusp on the relevant spatial scales, even in the presence of resonant relaxation. Another possibility, which may well explain the observed cores in the light distributions of galaxies with more massive MBHs (Milosavljević et al. 2002) , is that a cosmologically recent major merger event with another MBH carved out a central cavity in the stellar distribution (Merritt 2010) . This would then mean that the GC has not evolved in isolation, and is not in steady state but still slowly evolving back to it.
There are however strong reasons to suspect that the GC is evolving at a rate faster than that of slow 2-body relaxation. The latest star formation episode in the GC formed O(100) very massive stars (Paumard et al. 2006 ), which will likely leave behind stellar mass black holes (BHs). There are indications that a similar star formation episode occurred O(10 8 yr) ago (Krabbe et al. 1995) , as well as further indications of continuous star formation in the GC over a substantial fraction of the Hubble time on various spatial scales (Alexander & Sternberg 1999; Figer et al. 2004; Löckmann et al. 2010; Blum et al. 2003; Pfuhl et al. 2011) . The estimated number of BHs produced in the inner parsec in the course of such a star formation history, O(10 4 ), is in itself large enough to lower the local relaxation time below the Hubble time (Alexander 2011a) . In addition, the massive gas structures presently observed just outside the MBH's radius of influence at ∼ 2 pc (gas clumps and giant molecular clouds), act as massive perturbers (Perets et al. 2007 ) and can likewise lower the relaxation time below the Hubble time even well inside the radius of influence (Alexander 2011a) . Even if the GC has undergone a cusp-scouring merger event, the re-formation rate of the mass-segregated cusp of stellar BHs is expected to be faster than that of the luminous, lower mass stars (Merritt 2010) . In fact, numerical experiments indicate that the presence of a mass spectrum (not included in the analysis of Merritt 2010) accelerates the dynamics to the extent that the cusp can reform in substantially less than a Hubble time (Preto & Amaro-Seoane 2010) , for a wide range of initial conditions.
The existence or absence of a dark cusp has important implications for processes that involve strong interactions with the MBH, such as the emission of gravitational waves from compact objects that inspiral into it (see review by Amaro-Seoane et al. 2007) , the disruption of stars by the tidal field of the MBH and the resulting tidal flares (see review by Alexander 2012) , and for the modeling of dynamics very close to MBHs (e.g. Hopman & Alexander 2006) . A dark cusp around the Galactic MBH has crucial implications for the detection of relativistic effects in orbits of stars close to the Galactic MBH (the so called "Scluster") (Zucker et al. 2006; Merritt et al. 2010) , in particular by future high precision interferometric experiments such as GRAVITY (Eisenhauer et al. 2008) .
The discrepancy between the simplest interpretation of the observations and the theoretical expectations, and the absence of other lines of evidence for a major merger in the Milky Way's past, suggests that the possibility that the observed red giants do not trace the total mass distribution, and that there does exist a dark cusp around the Galactic MBH, should be considered and tested empirically. The dynamical upper limits on the dark distributed mass within the S-cluster in the inner arcsec are still at least two orders of magnitude higher than expected from theoretical constraints (Gillessen et al. 2009a) . Direct detection of the dark cusp in the GC, for example by gravitational lensing (Alexander & Loeb 2001; Chanamé et al. 2001) or by X-ray emission from accretion (Pessah & Melia 2003) , is very difficult. The most promising approach to detect the faint stars and compact remnants appears to be through their dynamical interactions with other stars (e.g. Weinberg et al. 2005 ). There are hints that the resonant torques by such a cusp can explain some properties of the different sub-populations in the GC (Hopman & Alexander 2006) , however the direct detection of these torques requires test stars on much shorter period orbits than are available at this time (e.g. Merritt et al. 2010) .
We explore here a newly relevant dynamical method to probe the dark cusp in the GC: binary evaporation constraints. Relatively loosely-bound binaries are gradually detached by interactions with the field stars around them; for an assumed cusp model this then imposes limits on the properties of the surviving binary population (e.g. Perets 2009a; Hopman 2009). Here we invert the constraints, and use the existence of binaries in the GC to place upper limits on the product of the total number density and the second moment of the mass distribution, n ⋆ M 2 ⋆ , or equivalently, a lower limit on the relaxation time t rlx , and thus constrain dynamical models of the GC. The challenge is to formulate the constraints in a way that provides robust estimates in spite of statistical nature of evaporation and the uncertainty in the binary's formation mechanism and dynamical age. It should be emphasized that although binaries can be destroyed by processes other than evaporation, this will not affect our estimates, which draw conclusions only from those binaries that do survive. These provide an upper limit on the effectiveness of each of the competing destruction mechanisms separately, evaporation included, and thereby allow constraining the physical parameters on which these processes depend.
The rest of this paper is organized as follows. The binary evaporation timescale and its relation to the 2-body energy relaxation timescale around a MBH are summarized in Sec. 2. Theoretical upper bounds and several specific stellar density models for the GC are presented in Sec. 3 to serve as benchmarks for evaluating the usefulness of binary evaporation constraints. The weak limits from the currently know massive GC binaries are estimated in Sec. 4, and the potential of lower-mass, longer-lived binaries to rule out density models is explored and discussed in detail. Finally, the prospects and difficulties of the binary evaporation method, both observational and theoretical, are discussed and summarized in Sec. 5.
EVAPORATION AND RELAXATION TIMESCALES
2.1. The binary evaporation timescale In an isotropic, Keplerian power-law cusp near an MBH, where the stellar space density falls as n ⋆ ∝ r −α , the Jeans equation implies that the 1D velocity dispersion is (e.g. Alexander 1999)
where
In a single mass population α = 7/4 (Bahcall & Wolf 1976) , and the same holds for the most massive component of a multi-mass population (Bahcall & Wolf 1977) , if it is the dynamically dominant one 1 Keshet et al. 2009 ). Unless stated otherwise, we adopt this value below. This velocity dispersion is in good agreement (to within 10%) with the one derived empirically by Trippe et al. (2008) for the old stellar population on the r = 0.01 − 0.5 pc scale. Note that well within the radius of influence of the MBH (∼ 2 pc in the GC), where the MBH dominates the potential, the stars are not in equipartition, as the velocity dispersion depends on the stellar mass only through the mass-dependence of the logarithmic slope, α(M ⋆ ), which reflects mass segregation, and in steady state can vary between α ∼ 3/2 − 5/2. This limits the relative variations of σ 2 ⋆ (M ⋆ ) to less than ±15% in σ 2 ⋆ across the entire stellar mass range (typically 3 orders of magnitudes in mass) (Alexander & Kumar 2001) . We therefore assume here that all stars, as well as the centers of mass (COM) of binaries, have the velocity dispersion given by Eq. (1).
A binary of mass M 12 = M 1 + M 2 , mass ratio q m = M 2 /M 1 ∼ O(1) and binary semi-major axis (sma) a 12 = −GM 1 M 2 /2E 12 is considered "soft" when its binding energy |E 12 | is less than the typical kinetic energy of the back-1 Many stellar populations can be approximated by a 2-mass mixture of heavy and light masses (stellar BHs with mass M H ∼ 10 M ⊙ and number density n H far from the MBH, versus all the rest with mass M L ∼ 1 M ⊙ , and number density n L ). In that case the relaxational parameter
determined whether the relaxed steady state is in the strong segregation limit (∆ ≪1 and α H = 11/4) or the weak segregation limit (∆ ≫ 1 and α H = 7/4) ). −1 . The Coulomb factor for evaporation in the soft limit, Λ 12 = b max /b min , is estimated by setting the maximal impact parameter to b max = a 12 /2, so that the interaction will be with only one of the binary members, and not with the binary's COM, and the minimal one at the strong deflection
, where the typical relative velocity for an an encounter with a member star of a soft binary is v 2 rel = 3σ
where q σ = 1 is assumed, and the last approximate equality also assumes q m = 1. Note that since binary evaporation requires that the perturber's distance of closest approach be closer to one star than to the binary's center of mass, the contribution of extended massive perturbers, such as giant molecular clouds, to binary evaporation is substantially reduced (see discussion in Sec. 5).
The timescale τ evap is the present-time evaporation timescale evaluated using the observed sma. Since D(∆E)
where E 0 12 is the initial, unknown, binary energy and D(∆E) t is the time-weighted average of the diffusion coefficient over the binary's history 4 . Because the binary's evaporation is typically the result of many weak interactions, the scatter of the actual time to evaporation around the evaporation timescale is small, ∆t evap / t evap ≪ 1 (Perets et al. 2007) .
Since soft binaries become softer, a maximal bound on t evap can be obtained by assuming that the binary was initially as hard as it could be, with s = s hard , which corresponded to the smaller of either the soft/hard boundary s = 1, or the hardest softness parameter possible, that of a contact binary with an initial sma a 0 12 = R MS,1 +R MS,2 , where R MS is the radius of the star when still on the main sequence. We therefore set
Since s(t) ∝ E 12 (t) (Eq. 2), it follows that
where the maximal evolution ratio S h > 1 is the ratio of the maximal initial and present-day softness parameters. For lowmass binaries, where
as a conservative over-estimate of the evaporation time, which leads to a conservative under-estimate of the lower bound on the relaxation time (see Eq. 11).
The 2-body relaxation timescale
The local Chandrasekhar 2-body energy relaxation time (e.g. Spitzer 1987 ) is
where N ⋆ (r) is the number of stars enclosed within r, and Bar-Or et al. 2013) . Note that Λ ≫ Λ 12 , since in contrast to evaporation, encounters on all scales contribute to relaxation. It therefore follows that
Thus a lower limit on the evaporation timescale translates to a lower limit on the 2-body relaxation time, and an upper limit on n ⋆ M
2
⋆ . An observed binary of period P 12 , mass M 12 and age T 12 ≤ t evap ≤ τ evap S h at distance r from the MBH 4 The binary's birth environment was likely much denser than its present day environment. However a red giant binary spends a negligible fraction of its lifetime there, and the uncertainty in the effective initial softness (the one it has after leaving its birth environment) is absorbed in the uncertainty in E 0 12 (Eq. 8), and leads to a weaker lower bound on t rlx .
implies therefore that the 2-body relaxation timescale there exceeds
Note that the estimator min t rlx does not depend on M 2 ⋆ , as t rlx does, but rather on the less sensitive M ⋆ , which enters weakly through the Coulomb logarithm 5 log Λ = M • / M ⋆ , and more strongly through the factor S h . All the other quantities that appear in min t rlx are directly observable or derivable: log Λ 12 (Eq. 4), σ ⋆ (Eq. 1) and T 12 . This lower bound can be used to rule out a specific density model for the GC, which predicts α and M ⋆ . Alternatively, the uncertainty in min t rlx can be estimated by noting that when
the transition between p-p to CNO cycle hydrogen burning, to β = 0.56 above it (Schaller et al. 1992) . The maximal range of M ⋆ , which lies between ∼ 1 M ⊙ (MS dwarfs) and ∼ 10 M ⊙ (stellar BHs), then implies the range in R MS of ∼ 1 R ⊙ to R MS 10 R ⊙ (for an O(100 M ⊙ ) BH progenitor), which translates to one order of magnitude uncertainty in min t rlx . When
The lower bound on the relaxation time translates into an upper bound on n ⋆ M 2 ⋆ (Eqs. 9, 11),
The estimate max n ⋆ M 2 ⋆ does not itself depend on M
⋆ . An upper bound on the total stellar number density n ⋆ can be obtained for an assumed value of M 2 ⋆ .
Binary formation by 3-body captures
The use of long-period binaries to constrain the dark cusp density requires reliable estimates of their dynamical age. For a primordial binary, the dynamical age equals the stellar age, which can be estimated from the binary's luminosity and spectrum. However, when the binary is formed dynamically long after the stars are born, the dynamical age can only be bound from above by the stellar age. Such binaries can not provide strong constraints on the cusp density. Unless nonprimordial binaries can be identified, their existence may be misinterpreted and lead to erroneous conclusions. However, as we argue here, such locally-formed binaries are expected to be extremely rare near a MBH. Another source of contamination, one that can not be decisively ruled out, is tidal capture of hierarchical triples in 4-body interactions with the MBH. This is discussed separately in Sec. 5.
Of the mechanisms generally considered for binary formation (e.g. Tohline 2002), those decoupled from the formation of the stars themselves are tidal capture in 2-body interactions and dynamical capture by 3-body interactions. Tidal capture is generally an inefficient process, leading to mergers rather than binary formation (see e.g. review by Benacquista 2006) ; it is very inefficient in galactic nuclei, since stellar encounters in the deep potential of a MBH are strongly hyperbolicclose encounters lead to mass-loss and spin-up, rather than 5 The exact dependence of the Coulomb logarithm on the mass function has not yet been studied in detail, to the best of our knowledge.
capture (Alexander & Kumar 2001) . Binary formation by 3-body capture requires that three stars to interact with mutual impact parameters of the order of b π/2 ∼ GM ⋆ /σ 2 (Binney & Tremaine 2008, Eq. 7.10 ). This then allows strong interactions (∆v ∼ v) that extract a significant amount of relative kinetic energy from one pair and enable it to form a bound binary. The sma of the newly formed binary is expected to be also of order a 12 ∼ b π/2 . It then follows that a typical binary formed by 3-body capture is soft, with an initial softness parameters of s 0 ∼ M 12 /4 M ⋆ ∼ 1/2 < 1 (Eq. 2 with M 12 = 2 M ⋆ ), as also suggested by the detailed analysis of 3-body capture in globular clusters (Goodman & Hut 1993 ). The formation rate is then ∼ N ⋆ (r)/t 3 , where t 3 is the typical timescale for a star to be involved in a 3-body capture interaction (Binney & Tremaine 2008, Eq. 7 .11),
The number of binaries formed by 3-body encounters on the spatial scale r over a time t a relaxation time (Eq. 9) is therefore
After a Hubble time, t H = 10 Gyr,
6 and N ⋆ (r = 0.1 pc) ∼ 10 5 ), and for the shortest realistic value for t rlx , min t rlx (0.1 pc) > 10 8 yr (see Sec. 3.1). The contribution of this formation channel to the binary population in the GC is therefore negligible (see also Hopman 2009).
STELLAR DENSITY MODELS FOR THE GALACTIC
CENTER To evaluate the practical relevance of GC binaries for constraining the dark cusp density, it is useful to have benchmarks for possible density profiles. We consider here a general dynamical upper bound on the cusp density, and two classes of specific models, one with a relaxed, high-density masssegregated cusp, and the other with an unrelaxed low-density core.
Dynamical bounds on the dark cusp
Mass segregation models of the GC, which assume a passive evolution of the nuclear cluster, predict the accumulation of a steady state high density cusp of stellar remnants (Morris 1993) . In steady state, the rate at which stars are scattered into the MBH from some volume < r is balanced by the rate at which stars are replenished by 2-body relaxation from outside r. The detailed calculation of the steady state density can be robustly bracketed by the conservative "drain limit" (Alexander & Livio 2004) , which estimates the maximal number of objects that can survive against mutual 2-body scattering into the MBH over the age of the system. Taking the age of the system to be the Hubble time, the drain limit is the solution N ⋆ (t = 0) of the condition
where r g = GM • /c 2 is the gravitational radius of the MBH. The drain limit corresponds to a minimal required survival probability of 1/2 over a Hubble time, and it is only a function of M 2 ⋆ (up to a logarithmic term 6 ),
where P (r) is the orbital period around the MBH. It then follows that the shortest possible relaxation time in steady state, which is attained at the maximal density of the drain limit (substituting max N ⋆ into Eq. 9), does not depend on the assumed mass function,
For α = 1.75 this corresponds to
Varying the assumed α between α = 0 → 2 changes the minimal relaxation time between 2.4×10 8 yr (for α = 7/5 = 1.4) to a maximal one of 4.7 × 10 8 yr (for α = 0). The drain limit is a useful benchmark for our purpose since it provides an estimate of the shortest physically realizable relaxation time in steady state, which does not depend on detailed features of the Galactic model, such as the mass function and the boundary conditions. For example, the upper bounds on the enclosed number and density on the scale of the orbit of IRS 16NE, at r = 0.15 pc (Sec. 4.1), are
The drain limit is only a few times higher than the values derived by detailed calculations. For example, inside the inner ∼ O(0.01 pc), the mass density of the GC is expected to be dominated by stellar mass BHs with mass ∼ M bh and max N ⋆ ∼ max N bh . The drain limit on 10 M ⊙ stellar BHs in the inner 0.01 pc is max N bh (< 0.01 pc) ≃ 250, compared to N bh (< 0.01 pc) ≃ 100 derived by Fokker-Planck models, whether solved numerically ; see also Figure 1 ), or by the Hénon (Monte-Carlo) method (Freitag et al. 2006 ).
A relaxed mass-segregated high density cusp
The evolution of a galactic nucleus to a relaxed steady state configuration can be approximated in terms of the evolution of the stellar distribution function (DF) due to diffusion in phase space, and integrated in time from an arbitrary initial configuration to steady state by the Fokker-Planck (FP) equation. This scheme was first applied to a multi-mass system with a central MBH by Bahcall & Wolf (1977) , with the approximations that the potential is Keplerian, the angular momentum diffusion is averaged, so that only diffusion in energy is integrated in time, and only non-coherent 2-body relaxation is considered. Two boundary conditions are imposed, one at very high energy (close to the MBH), where the DF falls to zero, and one at the energy corresponding to the MBH's radius of influence (r h ∼ 2 pc in the GC), where the stellar number density of each mass is fixed to some value, which reflects its population ratio far from the dynamical influences of the MBH, and therefore depends only on the assumed initial mass function (IMF) and the star-formation history.
Figure (1) shows results from such simple FP models for the GC, which assume present-day mass functions (PMFs) of stars and compact remnants that are derived by stellar population synthesis (Sternberg 1998) for continuous starformation scenario for the GC (Alexander & Sternberg 1999; Figer et al. 2004 ), assuming two different IMFs (table 1) . The first is based on the "universal" IMF (here approximated by the Miller & Scalo 1979 IMF, extending between M ⋆ = 0.1 M ⊙ to 120 M ⊙ ), which reproduces the volumeaveraged K-band luminosity of the luminous red giants in the inner few pc of the GC (Alexander & Sternberg 1999 ) and a second, extremely top-heavy model that is suggested by the population of the massive disk stars (Bartko et al. 2010) , with
The two IMFs result in very different stellar populations. While the mass and number of the universal IMF model are dominated by main sequence stars, and the BHs are only ∼ 0.01 of the mass and 5 × 10 −4 of the number, the topheavy IMF model is completely dominated by the compact remnants, with the BHs 0.89 of the mass and 0.57 of the number. Nevertheless, the relaxed steady states of both models conform with the drain limit ( Figure 1B ), which demonstrates its robustness.
A comparison of the density profiles of the BHs outside of the inner ∼ 0.01 pc in the two IMF models ( Figure 1A ) reveals the difference between the weak and strong masssegregation regimes ). When the BHs, the most massive long-lived component in the mass function, are dominant in the population as they are in the topheavy model 7 , they relax to an α = 7/4 cusp (n ⋆ ∝ r −α ); when they are not, as in the universal model, they relax to a steeper slope, with α 2. Closer to the MBH (here, at r 0.01 pc), mass segregation makes the BHs locally dominant, and both models converge to the α = 7/4 configuration.
Figure (2) shows the variation of the the first and second mass moments ( M ⋆ and M 2 ⋆ ) as function of distance from the MBH, for the two models, and provides convenient powerlaw approximations for M ⋆ , for use in the minimal relaxation time estimate, Eq. (11).
An unrelaxed low-density Galactic core
The depleted numbers of red giants in the GC could be the result of a past merger event with another MBH, which dynamically ejected stars from the center (Merritt 2010) . The resulting drastic decrease in the stellar density at the center would then increase the 2-body relaxation time well above the Hubble time, thereby slowing down the the re-formation of a relaxed cusp. For certain choices of the initial radius of the evacuated region and of the time before present when the merger occurred, the slowly evolving post-merger GC density profile can match that observed today. on the similarity of the observed spectrum of the primary to the known eclipsing binary IRS 16SW with M 1 ∼ 50 M ⊙ (Martins et al. 2006 (Martins et al. , 2007 . The absence of spectral evidence for the secondary further suggests that M 2 30 M ⊙ , so that the binary mass likely lies toward the lower limit of this mass range. IRS 16NE is a member of the clock-wise disk, a product of the recent star-burst episode, whose age is estimated at T = (6±2)×10 6 yr (Paumard et al. 2006; Bartko et al. 2009 ; but see also younger age estimate by Lu et al. 2013) .
We therefore adopt below a binary age of T 12 = 6 × 10 6 yr and binary mass of M 12 = 80 M ⊙ , which translate to an sma a 12 = 3.11 AU and v 12 = 151 km s −1 (for M 12 = 100 M ⊙ , a 12 = 3.26 AU). The 3D distance of IRS 16NE and its eccentricity can be estimated using the inferred distance to the GC, R 0 ≃ 8.3 kpc (Gillessen et al. 2009b) , the binary's observed plane-of-sky position and 3 components of the velocity, and by assuming that it is orbiting in the plane of the counter clockwise disk Paumard et al. (2006) . It then follows that a≃ 0.15 pc 8 and e ≃ 0.14 (r ≃ 0.13 pc, v • ≃ 350 km s −1 ). Since the binary is on a nearly circular orbit, it is justified to substitute r = a and calculate the relevant timescales without orbital averaging. We further assume, based on the mass-segregated steady state model of the GC , that the mean logarithmic slope at r = 0.15 pc is α = 1.5, and that M ⋆ = 1.2 M ⊙ and M 2 ⋆ 1/2 = 1.8 M ⊙ . The Coulomb logarithm for evaporation is then log Λ 12 ≃ 1.46. According to the binary soft-ness criterion (Eq. 2), IRS 16NE is soft, or marginally soft, with s 0 in the range 0.2 (for M 12 = 80 M ⊙ and α = 0) to 0.9 (for M 12 = 100 M ⊙ and α = 2). We therefore assume that the soft binary evaporation timescale is relevant for estimating the relaxation time scale. Since R MS (50 M ⊙ ) = 9.5 R ⊙ and R MS (30 M ⊙ ) = 7.1 R ⊙ , s hard = 1, and therefore the existence of IRS 16NE implies min t rlx (∼ 0.15 pc) ∼ 2 × 10 7 yr .
The corresponding upper limit on the total number density
Varying the assumed parameters over the range T 12 = 4 → 8 Myr, M 12 = 50 → 100 M ⊙ , α = 0 → 2 changes min t rlx between ∼ 1 × 10 7 yr (for α = 2, M 12 = 50 M ⊙ and T 12 = 4 × 10 6 yr) to ∼ 6 × 10 7 yr (for α = 0, M 12 = 100 M ⊙ and T 12 = 8 × 10 6 yr). Such a short lower bound on the relaxation timescale lies well below the drain limit ( Figure  5 B), and therefore cannot constrain realistic density models (see also Antonini et al. 2011 ). This conclusion is reinforced if instead M ⋆ = 10 M ⊙ is assumed, which further reduces min t rlx by a factor O(10).
Long-period old low-mass binaries
Low-mass binaries have not yet been detected in the GC. Estimates of their numbers there are highly uncertain, given that star formation and dynamics in the unusual dense environment near a MBH are not well understood. The statistics of dense Galactic clusters could provide relevant estimates, as hinted by the finding of Pfuhl et al. (2013) that the number fraction of massive binaries in the GC (F 2 = 0.08-0.56 at the 0.95 confidence level), which is consistent with that observed in dense Galactic OB clusters. Stellar clusters can provide relevant guidelines for low-mass binaries. Sollima et al. (2007) find in a sample of low-density Galactic globular clusters a low-mass binary fraction F 2 > 0.06 in the cluster core, and globally F 2 ∼ 0.1-0.5 over the entire cluster. Sommariva et al. (2009) find a similar F 2 > 0.05 lower limit on the binary fraction in the core, and F 2 > 0.03 outside of it in globular cluster M4. Of these binaries, only a fraction can be actually detected. We now discuss the observational constraints, the red giant population in the GC, and the dynamical information that can be derived from the detection of long-period low mass binaries in the GC.
Detection of long-period binaries in the GC
In order for a binary to be both detectable and useful for probing the density of the hypothetical dark cusp, it must satisfy several constraints.
(1) The binary's orbital period P 12 should be short enough relative to the monitoring period, and the observing cadence high enough, so as to allow the extraction of the orbital parameters from the data, max P 12 = min 2π a 3 12 /GM 12 = x P T obs ,
where the factor x P depends on the detection mode. For spectroscopic binaries x P ∼ 1/2. However, for visual binaries a value as large as x P ∼ 10 may be feasible, as discussed further below.
(2) The binary should be luminous enough to be observed with high S/N for reliable determination of the reflex velocity (if observed as a spectroscopic binary) or proper motion (if observed as a visual binary), with a magnitude of
where K is the magnitude of a single star. (3) The binary's reflex motion or proper motion should be large enough to be measured with high S/N,
(4) The binary should be dynamically sensitive to the relaxation timescales of interest, and at least to the conservative drain limit (Eq. 2). This would be the case if it is long-lived, with a main-sequence age T MS such that (Eq. 11)
where S h ≥ 1 is the ratio between the initial and present day softness parameter (Eq. 6).
(5) Long-lived low-mass main-sequence stars in the GC, with M ⋆ 2 M ⊙ are faint, with K MS 19 9 . This is still several magnitudes fainter than current limits for reliable spectroscopic identification 10 . Low-mass stars can only be observed in the giant phase, when their size expands to R ⋆ ∼ few × 10 R ⊙ ∼ O(0.1 AU). This limitation decreases the available targets by a factor of ∼ 10 (the typical ratio of the time spent in the giant phase relative to T MS ), and imposes an additional requirement on the size of the orbit, R ⋆ < a 12 /2, to avoid the hard-to-model complications of common envelope evolution, or equivalently,
where v ⋆ = GM ⋆ /R ⋆ is the red giant's circular velocity, and M ⋆ ≃ M 12 /2 is assumed. For low-mass red giants, v ⋆ ∼ O(10 2 km s −1 ). However, these limitations are mitigated by the fact that red giants are advantageous for precise spectroscopic velocity determination since they are slow rotators and have sharp molecular absorption lines.
We now consider specifically the constraints imposed by present-day and upcoming observing capabilities of the VLT. It is straightforward to scale these constraints to other instruments and future capabilities.
Current observations of the GC with the SINFONI integral field spectrograph on the VLT (Eisenhauer et al. 2003; Bonnet et al. 2004 ) reach a radial velocity uncertainty of 5 km s −1 in a 1 hr integration for a K < K S/N ≃ 14 red giant. A 3σ detection of the reflex motion then requires a radial velocity curve amplitude of V r 15 km s −1 . Assuming a circular orbit and the mean decrease by a factor π/4 in the line-of-sight velocity due to the orbital inclination, v S/N ≃ 20 km s −1 . Since typically v S/N < v ⋆ , the red giant size constraint (Eq. 26) is not a limitation. The minimal useful main-sequence lifetime can be estimated by 
FIG. 3.-(A)
The detectability limit on the binary mass M 12 and sma a 12 for spectroscopic / astrometric binaries, for the current period and velocity limits of SINFONI (P < 3 yr and Vr > 20 km s −1 for e = 0 and sin i = 1) and for future limits of GRAVITY (Case 1: conservative P < 4 yr and Vp > 1 km s −1 . Case 2: optimistic P < 20 yr and Vp > 0.1 km s −1 , for e = 0), in the low-mass range where binaries are long-lived enough to probe relaxation (Eq. 25). Binaries are detectable in the region that is below the lower of the max P 12 upper bound (coarse hashes) and the min V upper bound (fine hashes) for each of the three cases. (B) The same as above, for visual binaries observed by GRAVITY.
taking v 12 in the range v S/N to v ⋆ (Eq. 25). For example, for r = 0.15 pc, where min t rlx,drain ≃ 2.5 × 10 8 yr (Sec. 3.1), min T MS ∼ 8 × 10 6 − 2 × 10 8 yr, which corresponds to a maximal useful mass in the range max M ⋆ ∼ 4 − 20 M ⊙ Schaller et al. (1992) . More realistic dynamical models with t rlx > min t rlx,drain (Sec. 3) limit max M ⋆ to the lower boundary of this range.
Observations of the GC with SINFONI have been on-going for T obs ∼ 10 years now, mostly focused on the central 0.2 pc, and spaced between several days to several years. This limits currently detectable binaries to periods of at most max P 12 = T obs /2 ∼ 5 yr, and realistically probably to 3 yr. The joint constraints of max P 12 and min V r (Eqs. 22, 24) translate to joint constraints on the binary mass and sma,
where a Vr is estimated conservatively for a circular orbit. The upcoming AO-assisted IR interferometer GRAVITY (Eisenhauer et al. 2011) will allow the detection of binaries with separations up to several AU. The instrument will provides two detection regimes: Detection by fully resolving the two stars ("visual binaries"), and detection by the shift of the binary's photo-center ("astrometric binaries"). GRAVITY's astrometry will reach a precision of 10 µas (0.08 AU). Over a 4 year period this will allow the measurement of proper velocities and accelerations at precisions of µ ∼ 10 µas yr −1
(V p ∼ 0.4 km s −1 ) andμ ∼ 10 µas yr −2 (dV p /dt ∼ 1.25 × 10 −8 km s −2 ), respectively, on sources as faint as K S/N ∼ 16 (Bartko et al. 2008; Eisenhauer et al. 2011) . Over 10 years these will improve to µ ∼ 2 µas yr −1 (V p ∼ 0.08 km s −1 ) andμ ∼ 2 µas yr −2 (dV p /dt ∼ 2.5 × 10 −9 km s −2 ). We conservatively assume below T obs = 4 yr, but also consider the optimistic case of T obs = 20 yr.
Visual binaries -The high resolution of the VLTI allows to resolve binaries with separations > 1 mas (8 AU at the distance of the GC). We will refer to these binaries as visual binaries, since their separation can be directly measured as in classical imaging. The typical orbital time for a M 12 = 2 M ⊙ binary with a separation of 8 AU is 16 yr; for a separation of 25 AU it is 83 yr. This realistically implies coverage of only a fraction of the orbit. However, this in itself will not prevent the detection of such long-period binaries. Even in the dense environment of the central cluster, the probability of a chance alignment of two stars at a projected distance of 1 mas (8 AU) from each other is O(10 −6 ) and for 3 mas (25 AU) it is O(10 −5 ) (Eq. 29). Consequently, pairs detected at separations of few × 10 AU are true binaries at a very high confidence, and their detection can already constrain the relaxation time even without orbital information. Measurements of acceleration over arcs of the orbit can then be used to derive the orbital parameters. Guided by such analysis of partial orbits by Cvetković & Novaković (2010) , we will assume here that orbits as long as max P 12 = 10T obs can be solved. The minimal detectable plane-of-sky velocity amplitude min V p then translates to the additional constraint of
where again a Vp is estimated conservatively for a circular orbit. Note that such long-period orbits somewhat relax the constraint on the maximal mass useful for probing the dynamics 11 , since on such softer orbits even shorter-lived stars can still provide interesting dynamical constraints on the dark cusp.
Astrometric binaries -GRAVITY's novel astrometric mode will make it possible to detect unresolved binaries by the astrometric shift of their common photo-center, provided they have unequal fluxes. This requirement will most likely be satisfied even for the fiducial near-equal mass red giant binaries that are assumed in our analysis. Even a small difference in the mass leads to a large difference in luminosity, and even more so, a small difference in the post-main sequence evolutionary stage, as can be demonstrated, for example, by the median visual magnitude difference of ∆m ≃ 0.65, observed in binaries of (Hartkopf & Mason 2001) . Although the amplitude of the photo-center shift is ∼ ∆m times smaller than the true orbital motion of the brighter component, it does contain additional constraints on the orbit beyond those provided by spectroscopy alone. The detailed methodology for dealing with astrometric binaries will be discussed elsewhere. Here we simplify the analysis by ignoring the photocenter shift, and treat the binary detectability limits for the GRAVITY astrometric mode in a similar way as those of spectroscopic binaries. Following the criteria suggested by Hartkopf & Mason (2001) , we restrict ourselves to binaries with max P 12 = T obs . Figure ( 3) shows the range of binary mass and sma where spectroscopic binaries are now detectable with SINFONI, and where astrometric and visual binaries will be detectable in the future with GRAVITY (for both the conservative and optimistic sets of assumptions), focusing on the low-mass range that is relevant for testing the dynamical state of the GC. The limiting factor in all cases is the maximal binary period required for detection and orbital parameter derivation. For spectroscopic SINFONI binaries and for astrometric GRAV-ITY binaries in the conservative case, the binary sma is limited to max a 12 ∼ 3 AU. We therefore conclude that in this case the big improvement in astrometric sensitivity by GRAV-ITY will not increase discovery space by much, but will rather allow much better determination of the orbital parameters. GRAVITY's advantage will be most significant in the optimistic case, where the monitoring extends over much longer periods, or for visual binaries. In that case discovery space will increase to max a 12 ∼ 10 AU for both astrometric binaries and visual binaries in the conservative case, and up to max a 12 ∼ 50 AU for visual binaries in the optimistic case. Thus, the combination of various spectroscopic and interferometric techniques will allow the detection of binaries in the GC with separations ranging from a few stellar radii to several 10 AU.
The red giant binary population in the GC
As argued above, the constraints set by current and forthcoming observational capabilities reduce to three primary requirements: low-mass red giants with M 12 < 4 M ⊙ , a maximal magnitude K 14 for SINFONI or K 16 for GRAVITY, and a maximal sma a 12 3 AU for SINFONI or a 12 few×10 AU for GRAVITY. We now estimate the number of detectable low-mass red giant binaries in the GC (the "discovery space") from the observed K luminosity function in the GC, for the null hypothesis, namely the assumption that the effects of dynamical evolution on the binaries' properties are negligible, and therefore binaries in the GC have the lowmass binary fractions observed in dense Galactic clusters and the low-mass binary period distribution observed in the field.
The K luminosity function of the red giants in the inner ∼ 1/2 pc is well approximated by (Alexander & Sternberg 1999; Bartko et al. 2010 )
which allows the observed total surface number density of red giants in the GC (Buchholz et al. 2009; Bartko et al. 2010) to be scaled to a given magnitude limit. Assuming the observed and deduced range of binary fractions in galactic clusters and that of massive binaries in the GC, F 2 ∼ 0.05 − 0.5, we estimate that there may be N 2 ∼ 15-150 low-mass binaries among the N K ∼ 300 K < 14 red giants that are observed within 1/2 pc of the MBH, and N 2 ∼ 80-800 binaries among the N K ∼ 1600 K < 16 red giants there. A complete survey of low-mass M 12 ≃ 2 M ⊙ field binaries indicates a log-normal orbital period distribution (2000) 3 Uncertain mass in the range 0.8 − 2 M ⊙ . 4 Uncertain main-sequence lifespan in the range 2 − 12 Gyr.
with log 10 P 12 = 4.8 and σ log 10 P12 = 2.3 for P 12 in days (corresponding to a median period of ≃ 180 yr) Duquennoy & Mayor (1991) . Assuming that the shorter period tail of this distribution applies also in the GC 12 , then the fraction of binaries with a 12 < 2.5 AU (P 12 < 2.8 yr) is at least F P = 0.22, that of binaries with a 12 < 8 AU (P 12 < 16 yr) is at least F P = 0.33, and that of binaries with a 12 < 25 AU (P 12 < 88 yr) is at least F P = 0.45.. The number of potential targets in each of these classes is N 2RG = F P F 2 N K . We therefore estimate that in the absence of strong dynamical evolution, there may exist in the central 1/2 pc of the GC N 2RG ∼ 3 − 30 low-mass K < 14, P 12 < 3 yr binaries, N 2RG ∼ 25-250 low-mass K < 16, P 12 < 8 yr binaries, and N 2RG ∼ 50-500 low-mass K < 16, P 12 < 88 yr binaries.
Figure (4) shows the observed and derived properties of galactic G, K and M red giants (Gratton et al. 1982; Dumm & Schild 1998) , translated to the GC distance and extinction, as function of T MS , where the main-sequence lifespan was matched by mass to the 0.8 − 120 M ⊙ Solar metallicity stellar tracks of Schaller et al. (1992) and extrapolated below 0.8 M ⊙ assuming the low-mass limit relation T MS ∝ M −2.5 ⋆ Hansen et al. (e.g. 2004) . The K-magnitude was estimated from the effective temperature. The plot shows that the effective temperature, and hence spectral type, are nearly independent of the mass, and hence T MS , while the increase of the K-magnitude with the decrease of mass is substantially smeared by large scatter. It is therefore not possible to determine the stellar mass to better than a factor of ∼ 2, and T MS to better than a factor of ∼ 2 2.5 ∼ 6. Table ( 2) lists four low-mass red giants types that are observed in the GC and serve below in examples of the dynamical constraints that can be derived from low-mass red giant binaries. For demonstration purposes, the mass range 0.8 − 2.0 M ⊙ has been assigned in equal increasing increments from the latest to the earliest types in the table, and likewise the corresponding main-sequence lifespans in equal decreasing logarithmic increments the range 2 − 12 Gyr. However it should be emphasized that for all these spectral types the uncertainty in mass and stellar lifespan is such that 0.8 M ⋆ 2 M ⊙ and 2 T MS 12 Gyr.
Dynamical constraints by GC red giant binaries
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and M ⋆ = 1.2 M ⊙ , cf Figure 2 ), as function of binary sma above the contact limit a 12 > 2R ⋆ , up to a 12 = 50 AU.
Figure (5 B) compares the lower limits on the relaxation time that can be derived by the detection of such binaries as function of the sma, estimated for r = 0.15 pc, to the various theoretical models. The results show that the detection of such binaries there can rule out that the system is at the drain limit, and can significantly constrain mass-segregated models of the GC. Similarly, Figure (6) shows the lower limits of these binaries at a 12 = 2 and 50 AU, as function of the distance from the MBH. The results show that because the relaxation times in relaxed models typically decrease toward the center, finding binaries there will provide stronger constraints on the models. The detection of long-period binaries in the GC can provide lower limits on the local 2-body relaxation timescale, and correspondingly, upper limits on the number density of the dark cusp that is predicted to exist there. However, since there is no compelling theoretical prediction for the formation or capture rate of binaries there, the converse is not true: the absence of binaries can not prove the existence of a high density cusp-it is merely consistent with it.
We have shown that low-mass long-period binaries are already detectable among the brighter red giants in the GC. We adopt the observed statistics of such binaries in dense clusters and their period distribution in the field as the null hypothesis (binary formation in the GC is not special, and there is no evaporation), and use these to estimate the number of observable low-mass, long period binaries. Assuming the null hypothesis, and taking into detailed account the VLT's existing and forthcoming instrumentation and the observational and data analysis constraints, we estimate that among the brighter (K < 14) red giants in the central 1/2 pc of the GC there could be N 2RG ∼ 3 − 30 spectroscopic binaries currently detectable by the integral field spectrometer SINFONI/VLT and N 2RG ∼ 50 − 500 fainter (K < 16) astrometric and visual binaries that could be detected by the forthcoming AO-assisted IR interferometer GRAVITY/VLT. The discovery potential will increase as observations become deeper, the observing cadence higher, and the monitoring baseline longer. This requires a specifically planned long-term campaign. However, even the presently available data may already include a few long-period binaries.
It is quite likely that the null hypothesis is unrealistic. There are reasons to believe that star formation and binary formation in the unique environment near a MBH proceed quite differently than in less extreme environments. The initial fraction of binaries in the GC could be either much higher or much lower. For example, the dynamics of binary formation in a fragmenting accretion disk possibly leads to a very rapid hardening and merging of binaries (Baruteau et al. 2011) . Conversely, the expected high density of compact remnants near the MBH, presumably responsible to the over-abundance of low-mass X-ray binaries there (Muno et al. 2005) suggests the intriguing possibility of exotic binaries composed of a red giant and a stellar mass black hole, which were not considered here.
Since evaporation is a statistical process, robust limits on the dynamical state of the GC require a sample of low-mass long-period binaries. Our estimates of the number of detectable binaries indicate that a dedicated search can plausibly yield at least a small sample, if some binaries do indeed survive in the GC.
Binaries can also be destroyed by processes other than evaporation. This will not affect our method for constraining the dark cusp, which draws conclusions only from those binaries that do survive. This can be stated formally as follows: assume that that are several competing binary destruction processes, which singly would limit a binary's lifetime to t i ({p i }), where i = 0, 1, 2, . . . labels the process (evaporation is process 0), and {p i } is the set of physical parameters that process i depends on (e.g. n ⋆ , M ⋆ , M 2 ⋆ , . . .), which can be constrained by the detection of surviving binaries. The existence of a binary with age T 12 then sets the limit T 12 < min i t i ≤ t 0 = t evap irrespective of the relative efficiencies of the processes. However, the presence of multiple binary destruction channels is relevant in that it decreases the chances of finding any usable binaries. We now list some of the competing destruction channels, without committing to specific rates or rank order. We have argued (Pfuhl et al. 2013 ) that the tidal break-up of a binary by the MBH occurs on a timescale of a few × t rlx ≫ τ evap (Eq. 10). Tidal breakup driven by incoherent 2-body relaxation will therefore not compete with evaporation, except possibly very near the MBH (Hopman 2009 ). On the other hand, breakup driven by resonant relaxation could be more efficient, especially very near the MBH (Rauch & Tremaine 1996; Hopman & Alexander 2006) , where it could destroy binaries at a rate faster than 2-body relaxation replenishes them (e.g. Madigan et al. 2011 ). In addition, accelerated binary mergers can be induced by Kozai perturbations by the MBH. This effect is expected to be relevant for the subset of high-inclination orbits close to the MBH (Antonini et al. 2010; Antonini & Perets 2012) .
We have shown how the properties of a detected binary: location, mass, period, main-sequence lifespan, and the observed and deduced properties of the GC, the MBH mass and the stellar velocity dispersion, are translated to a lower bound on the 2-body relaxation time t rlx (11) and an upper bound on the second moment of the mass distribution, n ⋆ M 2 ⋆ (12), independently of the uncertainties in the binary fraction in the GC. In concise form, these bounds can be expressed in terms of the observed or derived binary properties: The main-sequence lifetime T 12 , the orbital velocity scale v 2 12 = GM 12 /a 12 , the Coulomb logarithm log Λ 12 (Eq. 4), and the maximal evolution ratio S h (Eq. 6), through the combination X 12 (r) = T 12 log Λ 12 v 2 12 S h (r)
.
Together with assumed model values for α, the logarithmic slope of the stellar cusp, M ⋆ , the mean stellar mass, and the observed or modeled velocity dispersion σ ⋆ (Eq. 1), the bounds on the relaxation time and stellar density are
We have shown that the detection of such binaries could rule out the possibility of a maximally dense relaxed stellar cusp at the drain limit, and constrain more realistic relaxed dynamical models of the GC. The key issue, and the main source of uncertainty, is to determine how long the binary spent in or near its observed location. The actual age (as opposed to the lifespan) of red giants can be estimated from the main-sequence lifespan of their progenitors, T MS , which in principle could provide T 12 ∼ T MS to within 10% (the typical relative duration of the post-main sequence phase). This is different from the case of young massive stars, whose age can only be bound by their main-sequence lifespan, T 12 < T MS (M ⋆ ), unless they can be associated with the stellar disk, whose age is known, T 12 ≃ (6 ± 2) Myr.
We have argued that local tidal or 3-body formation in the GC is negligible (Sec. 2.3), and therefore the binaries orbiting the Galactic MBH are either primordial and local, or primordial and captured by a 4-body tidal interaction between a hierarchical triple and the MBH (Perets 2009b) , in a variation of the Hills (1988) mechanism. The fraction of such captured binaries among the local binaries is uncertain. They will spend a substantial fraction of the post-capture time on very eccentric orbits, until these are randomized (Perets et al. 2009 ), which may provide a way to identify them if they are relatively recently captured. In any case, under the plausible assumption that both their time of formation and their time of capture are random and distributed uniformly in time over their main-sequence lifespan T MS , then their mean time in the GC is T 12 ∼ T MS /4, which is within the expected uncertainty in the determination of the main-sequence lifetimes of the low-mass red giant binaries (table 2) .
The analysis presented here makes several simplifying assumptions, which should be relaxed and calculated in more detail.
(1) The estimates here are based on the present-day location of the binary in the GC, without orbital averaging. For long-lived binaries, the evolution of the binary's orbit around the MBH is not negligible and should be also taken into account, as should the evolution of the nuclear cluster itself. (2) The statistical fluctuations in the stochastic process of evaporation are not taken into account. Evaporation should be expressed by survival probabilities, rather than by a single timescale. (3) The estimates are based on the present-day binary parameters a 12 and M 12 and take into account only the dynamical evolution of soft binaries due to external interactions with stars. However, these parameters also evolve internally because of post-main sequence mass-loss, which is neglected here. Issues (1) and (2) in particular should be addressed by N -body modeling of the evaporation process.
Finally, it should be stressed that binary evaporation is insensitive to relaxation by spatially extended massive perturbers (e.g. giant molecular clouds, or dense clusters), which can shorten the relaxation time by many orders of magnitude (Perets et al. 2007) , since these will not widen the binary, but rather scatter its center of mass. Thus, max n ⋆ M 2 ⋆ is a limit on the point-like masses in the system (stars, compact remnants and possibly also intermediate-mass BHs), and min t rlx is a lower limit on the stellar 2-body relaxation timescale alone. The actual relaxation time due to both stars and extended massive perturbers may be shorter still. 
